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ABSTRACT 
We prove that for exclusive and normal Bernstein algebras, the type is determined 
by the lattice of subalgebras. It is also seen that the lattice of subalgebras does not 
determine an arbitrary Bernstein algebra up to isomorphism. 
0. INTRODUCTION 
The origin of Bernstein algebras lies in genetics and in the study of the 
stationary evolution operators; see Lyubich [lo]. Holgate [7] was the first to 
give a formulation of Bernstein’s problem in the language of nonassociative 
algebras. For a summary of known results see W&z-Busekros [ll, Chapter 91. 
On the other hand, the study of the relationship between the lattice of 
subalgebras and other structural properties of the algebra can be found in 
Barnes [3, 21 for associative and Lie algebras and in J. A. Lahena [8] for 
alternative algebras. For Jordan algebras similar studies have been done by 
J. A. Laliena [9] and completed by J. A. Anquela in [l]. 
Concerning Bernstein algebras, a first approach to the problem of deter- 
mining the algebra by knowing its lattice of subalgebras can be found in [4] 
and in [6]. 
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1. PRELIMINARIES 
A finite-dimensional commutative algebra A over a field K is called baric 
if there exists a nontrivial homomorphism w : A + K, called the weight 
( x’)2 = w( x)2X2 for all x in A. 
In the following, let K be a commutative infinite field of characteristic 
different from 2. Let us list several results on Bernstein algebras which can 
be found in [ll]. 
For every Bernstein algebra, the nontrivial homomorphism w : A + K is 
uniquely determined. 
Every Bernstein algebra A possesses at least one nonzero idempotent. 
Every Bernstein algebra A with nonzero idempotent e can be decom- 
posed into the internal direct sum of subspaces (we will denote such a sum by 
i 1: 
A=Ke/Kerw. 
with 
Ker w = U, i V,, 
where 
U, = (exlx E Kerw} = {X E Aler = &r), 
V, = {X E Alex = 0). 
The subspaces U, and V, of A satisfy 
Although the decomposition of a Bernstein algebra depends on the choice 
of the idempotent e, the dimension of the subspace V, of A is an invariant of 
A. If dim. A = n + 1, then one can associate to A = Ke i U, 4 V, a pair 
of integers (r + 1, s), called the type of A, where r = dim, U,, s = dim K V,, 
so that r + s = n. In the same way, Wiirz-Busekros shows in [ll] that 
dim. U,” and dim,(U,V, + V,“) are also invariants of the algebra A. 
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A Bernstein algebra is said to be trivial if (Ker w>’ = 0. exclusive if 
U,” = 0, and normal if U,V, + V,’ = 0. Note that these definitions do not 
depend on the choice of the idempotent. 
Let A be an algebra over a commutative field K. We denote by -Y(A) 
the lattice of all subalgebras of A. By an _.Fisomorphism (lattice isomor- 
phism) of the algebra A onto an algebra B over the same field, we mean an 
isomorphism 
Y(A) -T(B) of9(A)ontoP(B) 
We put l(A), the length of A, for the supremum of the lengths of all the 
chains in _.F( A) (by the length of a chain we mean its cardinality minus one). 
Clearly we have dim. A 2 I( A), and if the algebra A is finite-dimensional 
then l(A) is the maximum, not only the supremum. 
In [4], the following results are proved: 
THEOREM 1.1. For all subalgebras of a Bernstein algebra, length and 
dimension coincide. Hence the dimension of subalgebras is invam’ant under 
lattice homomorphism. 
THEOREM 1.2. Let A, B be Bernstein algebras such that there is an 
_%somorphism between them. Then they must be isomorphic if any of the 
following conditions holds: 
(1) The dimension of A is less than or equal to three. 
(2) The algebra A is a tn’vial Bernstein algebra of any dimension and 
type. 
(3) The algebra A is a normal Bernstein algebra of type (2, n - 1) (dimK 
A = n + 1). 
We will also need the following table, which can be found in [4]. In this 
table we have a list (up to isomorphism) of all subalgebras of length two that 
can be found inside a Bernstein algebra. Since they have length two, the 
number of proper subalgebras distinguishes them up to 9isomorphism: 
Algebra Multiplication table Subalgebras 
No. of 
Subalgebras 
Ke i Ku e2 = e, eu = i u, u2 = 0 Ku, K(e + au) IKI + 1 
Ke i Ku e2 = e, ev = 0, II’ = 0 Ke, Ku 2 
B C1j = Kz i- Kw z* = 0, .zw = 0, w* = 0 Kw, K(z + aw) IKI + 1 
B(,, = K.z + Kw _ -“=0,zw=0,w2=~ k 1 
BC3, = K.z i Kw z2 = 0, zw = z, w* = 0 Kz, Ku; 2 
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Here (Y is in K, and we write 1 K 1 for the cardinality of the field K, which is 
infinite in this case. 
2. NORMAL AND EXCLUSIVE BERNSTEIN ALGEBRAS 
We will begin with an example which shows that (1.2) cannot be extended 
to arbitrary Bernstein algebras. 
EXAMPLE 2.1. Take the 4dimensional Bernstein algebra listed as (5) in 
[5], that is to say, 
A(cu)=KeiKu$Kv/Kw, 
where 
e2 = e, eu = $4, ev = ew = 0, 
u2 = 0, uv = 0, uw = 0, 
v2 = u w2 z.z (yu ) VW =o, (YE -K2. 
It is straightforward to see that the lattices of the A(cY)‘s are isomorphic. In 
[5] it is shown that these algebras are not in general isomorphic. 
Nevertheless, although the algebra cannot be completely determined, 
some structural characteristic can be known from the study of the lattice of 
subalgebras, as we will see in the following. 
THEOREM 2.2. If two exclusive Bernstein algebras are _Y-isomorphic, 
then they hazje the same type. 
Proof. Let (A, 01, (A, 6) b e exclusive Bernstein algebras, and let 
4 : _.Y’( A) +_Y( A> be an _FisomoFhism. We will see that if A is of type 
(r + 1, s), where r + s = n, then A is of type (r + 1, s), by induction on n. 
The cases n = 1,2 follow from (1.2). Let us suppose the result is true for 
all 1 < k < n - 1, n > 3. 
If one of the algebras considered is trivial, then they must be isomorphic 
from (1.2). Hence we can restrict ourselves to nontrivial algebras. 
Let us see that if (F + 1, S) is the type of A, we have r’ > r. By a 
symmetric argument, the reverse inequality will be also true and ? = r and 
S = s, since A and A have the same dimension from (1.1). 
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c 
+(Ker w> is a subalgebra of A of dimension n. We have two possibilities: 
Case 1: 4(Ker w) = Ker L. Take e, a nonzero idempotent of A. The 
subspace Ke 4 U, is a subalgebra of A, since A is exclusive, and it is 
different from the whole algebra, since A is not trivial. LS7e have 
Hence, +( Ke i $) is a subalgebra of A which is itself a Bernstein algebra. 
The algebra Ke + V, is trivial of type (r + 1, 0). From (1.2), the algebra 
$(Ke i U,.) must have the same type, which implies F > r. 
Case 2: 4(Ker w> # Ker W. Now, @-‘(Ker &) is a subalgebra (of di- 
mension n) of A that is not contained in Ker w. Thus, it is a Bernstein 
algebra and we can write one of its Pence decompositions: 
4-‘(Ker 6) = Ke i W i H, 
where W 2 U,,, H c V,, and e is a nonzero idempotent contained in 
&i(Ker i;). Hence, W = U, or H = V,. 
(1) If W = U,, then dim. H = n - r - I = s - 1. Suppose s = 1, i.e., 
H = 0. Considering a basis (u,, , u,.} of U,., we can construct the idempo- 
tents: 
(where u. = 0, that is to say, e, = e). These idempotents are linearly 
independent, and for i + j, 
e,ej = f( e, + e,). 
Moreover, for any LY, p in K: 
((Ye, + /3ej)” = (a + p)( aei + j3ej). 
Thus, Ke, V Ke, = Ke, + Kej and it is an algebra with 1 K / + 1 subalgebras. 
Put fi, = 4(Kei), a subalgebra of 4(Ke 4 U,,) = Ker W, for all 0 < i < T. 
Now, for i z j, Fk, V Ki. is a subalgebra of dimension 2 of A, contained in 
Ker &, with 1 K ( + 1 suba gebras. f It must be isomorphic to B(,, (see the table 
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in Section 1). In particular, xi xi = 0 for all 0 < i, j < r. Hence 
%I + ..’ +Kx, = Kx, v ... v Kx, = +( Ke” v .a* v Ke,) 
= @fZ, i *.* iKe,) = 4(Ke 4 Ue) = Keri;,. 
Then (Ker i;)2 = 0 and A is a trivial algebra, contradicting our assumption. 
Thus s > 2. Let {q, . . , u,_~} be a basis of H such that {v,, . .,q,,uJ is a 
basis of V,. Let us consider the subalgebra 
A, = Ke i U, i (ue,...,us>. 
It is clear that A, # Ke i U, -i- H and has dimension n, so that +( A,) # 
Ker ij is a subalgebra of A which is itself an exclusive Bernstein algebra. By 
the induction assumption, $J( A,) is a Bernstein algebra of type (r + 1, s - 1). 
This implies F > r. 
(2) If W # UC, the subalgebra Ke i U, is not contained in Ke i W -i- H. 
Thus, $( Ke + U,) c Ker Li, and F 2 T- follows as in case 1. n 
THEOREM 2.3. If two normal Bernstein algebras are 9-isomorphic, then 
they have the same type. 
Proof. Let (A, w>, (A, G> b e normal Bernstein algebras of types (r + 
I, s), (? + I, S), respectively. Let 4 : _Y( A) +osP( A) be an 9isomorphism. 
We can assume neither of them is trivial, and it is enough to prove s’ >, s, 
similarly to (2.2). 
Case 1: $(Ker w) = Ker 6. Take e a nonzero idemeotent in A. The 
subalgebra Ke i V, is mapped by 4 onto a subalgebra of A which is itself a 
Bernstein algebra Using (1.21, since Ke i- V, is trivial, its image is trivial of 
the same type, yielding .? 2 s. 
Case 2: +(Ker o) # Ker 15. As in (2.2), we can write 
+-i(Ker&) = Ke i W 4 H, where e2 = e # 0, W = U,, or H = V,. 
(1) If H # Ve, then Ke i V, is not contained in Ke i W i H, and thus 
@( Ke i VP) c Ker 6. 
Using (1.21, as above, S > s. 
(2) If H = V,, then dim, W = r - 1. We claim that for all u E U, - W, 
u2 = 0. Otherwise Ku 4 Ku’, which is a subalgebra (since u3 = 0 in any 
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Bernstein algebra; see [ll]), h as exactly one proper subalgebra, which implies 
+(Ku + KU’) c K er & (see the table in Section 1). Hence 
A=Ke/U,/V,=Ke/Ku/W/H=(Ke/W/H)V(KuiKu’), 
and +(A) c Ker &, which is impossible. Take ua in U, - W. For any w in 
W, ug + w E U, - W. Hence (u, + w)” = 0. Thus 
2 w = -2u,w for all w in W. 
Writing the previous equality for the element 2w, we get 
4ti” = -2u,,(2w) = -4u,w = 2wg. 
Hence, w2 = 0. 
We have proved W ’ = 0 u,W = 0, and V,” = 0, since U, = Ku, 4 W. , 
This means that A is trivial, since it was normal, which contradicts our 
assumption. n 
A part of this paper was completed when the author was visiting the 
Birkbeck College of the University of London. The author thanks Professor 
Holgate for his encouragement and hospitality. 
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